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Micro Abstract
For complex loadings of concrete structures as earthquakes, cyclic and dynamic conditions must be
taken into account. Therefore a simplified damage model which uses an equivalent strain in terms
of invariants of elastically predicted stresses is developed. The model is introduced by two history
deformation parameters related to the equivalent strain in order to describe unilateral behavior of
concrete. Thus the model can simulate the distinct behavior of concrete under monotonic/cyclic
loadings.
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Introduction

In the field of civil engineering concrete is the most commonly used construction material
among others due to easy applications. Concrete generally exhibits ductile behavior under
compression and brittle behavior under tension. Therefore, it is very essential to understand
failure mechanisms of concrete under various loadings to ensure the safety of concrete structures
against complete failure. In the past decades, several numerical models from elasto-plastic
models, fracture models, elasticity based damage models to coupled plastic-damage models
have been developed to simulate its deformation behavior. However the applications of these
models are limited to particular loading conditions. The complex loading conditions as in case
of earthquakes make the damage process even more complicated, if cyclic and dynamic loadings
have not been considered.

In the context of continuum damage mechanics, a history deformation parameter is generally
related to a local measure of deformation called as an equivalent strain describing the damage
growth. The damage equivalent strain is proposed as Mazars strain [7], Modified von-Mises
strain [10] and two equivalent strains for cracking and crushing respectively [6]. Even though
the equivalent strain is modified in order to account for predicting the tensile and compressive
behavior, these modifications are not yet fully capturing the initial elastic domain and ultimate
stress domain. The numerical results are showing considerable differences, especially in bicom-
pression and complex regions, while comparing with experimental data [12]. Moreover, the
numerical predictions of the µ-model [6] are not smooth at all, although this model offers good
results with few differences near bisector of bicompression region. Hence, the equivalent strain
has to be defined appropriately to predict both tensile and compressive behavior of concrete, as
it plays an essential role in the evolution of damage.

Nonetheless, strain-softening of the material eventually causes localization problems and thus
leads to unacceptable results upon mesh refinement, if only conventional local continuum
theories are used to model the material behavior. In order to overcome these difficulties, several
regularization methods have been proposed to yield mesh-independent and well-posed solutions.
Thus, nonlocal continuum models introducing an internal length scale by means of either integral
forms [11] or implicit/explicit gradient forms [10] have become familiar. Owing to its convenience
and straightforwardness in linearisation, the implicit-gradient formulation has been successfully



implemented for intended results under various loading environments [1].

Therefore, the damage model which is previously developed under monotonic loading conditions
[8] is enabled to account for unilateral behavior of concrete in this work. The proposed model
uses a unified expression for the damage equivalent strain in three dimensional setting which is
estimated from the predicted equivalent stress involved in Lubliner’s failure criterion [4]. This
equivalent strain is solely used to drive the evolution of effective damage through the history
deformation parameter. The continuum model incorporates an implicit gradient method [10] to
enrich the equivalent strain.

1 Nonlocal damage formulation

According to the principle of energy equivalence the constitutive relation for the elasticity based
damage behavior of a material is written by equation (1), if σ and ε are the second-order tensors
of Cauchy stress and strain respectively; C is the fourth-order elasticity tensor of the undamaged
material. In order to describe the strain-softening behavior of concrete, a scalar/isotropic
measure of effective damage D is introduced explicitly as a function of a history deformation
parameter κ since D is generally governed by κ.

In a nonlocal damage model, κ is related to the distribution of damage strain (i.e. the nonlocal
equivalent strain) ε̄eq in the vicinity of the material point. Therefore, the nonlocal quantity ε̄eq
is approximated by the partial differential equation (7). In which, ∇2 is the Laplacian operator
and lc is the characteristic internal length which is required to regularize the localization problem.
The equation (7) is supplemented by an additional natural boundary condition (8). In case of a
local model (lc = 0), ε̄eq = εeq and thus κ will be related to the local measure of deformation
called as damage equivalent strain εeq estimated by the expression (3), where I1 and J2 are
the first invariant of elastically predicted stress and second invariant of the deviatoric part of
stress respectively; σmax is the maximum principal stress and H is a Heaviside function, whereby
H = 1 if σmax > 0, else H = 0. The parameters αL and βL depending on the uniaxial tensile
and compressive strengths of concrete as defined in [4].

The possible damage growth can conveniently be decided based on the damage criterion f given
by the equation (4). In order to account for the unilateral behavior of concrete, two independent
history variables κt and κc are introduced here. Respectively their initial threshold values are
set by κ0i for tension (i = t) and compression (i = c). κ is described as a maximum deformation
occurred during tension or compression loading path. The conditions of damage process can
mathematically be expressed by the Kuhn-Tucker loading/unloading relations (9), where (˙)
represents the derivative of the variable with respect to time t. The consistency condition ḟ = 0
must always be valid during the damage process. The initial threshold values are used to limit
the initial elastic region.

Table 1. Isotropic damage model

Description Model Equations

Constitutive law (energy equivalence) : σ = (1−D(κ))2C : ε, (1)

Damage evolution law [9] : D(κ) = 1−
[
κ0
κ

]β1
e
−β2
[
κ−κ0
κ0

]
, (2)

Damage equivalent strain, εeq : εeq = 1
E(1−αL)

(
αLI1 +

√
3J2 + βLHσmax

)
, (3)

Damage loading surface, f : f = ε̄eq − κ ≤ 0, (4)
History deformation parameter, κ : κ = κtH + κc(1−H), (5)
in cracking (i = t) or crushing (i = c) : κi = Sup

[
κ0i,max ε̄eq

]
(6)

Implicit gradient method : ε̄eq − l2c∇2ε̄eq = εeq, (7)
Natural boundary condition : ∇ε̄eq · n = 0, (8)
Kuhn-Tucker relations : f ≤ 0, κ̇ ≥ 0, f κ̇ = 0. (9)



2 Model validation

The proposed simplified damage model has been implemented in a finite element program
(codeBlue) to solve several problems. A single-brick element mesh of size 200 × 200 × 200 mm
with 27 Gauss integration points is used in testing the model. Numerical results agree well when
compared with experimental data under monotonic uniaxial and biaxial loadings (see Figure 1).
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(a) Uniaxial tension
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Figure 1. Numerical simulation of model under monotonic loadings

In order to investigate the effect of damage under uniaxial cyclic tension-compression loading,
the displacement history as displayed in Figure 2a is used to be cyclic with an increasing
magnitude as an imposed loading. Convergence is very quickly obtained. The material and
model parameters used in these tests are provided in Table 2. Hex27 element is enhanced
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(a) Imposed loading history
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(b) Evolution of history paramater
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(c) Evolution of damage

Figure 2. Numerical simulation of model under cyclic tension-compression
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Figure 3. Unilateral behavior under
given loading (Figure 2a)
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Figure 4. Normalized Unilateral
behavior compared to [5]

E = 31700 MPa
fck = 27.6 MPa
ft = 3.48 MPa
ν = 0.21
β1 = 0.85t, 0.0c
β2 = 0.18t, 0.095c
κ0t = fck/E
κ0c = 10ft/3E
lc = 90 mm

Table 2. Material &
Model Parameters

by nonlocal enrichment. Nonlocal variable ε̄eq is adopted as an additional unknown at each
corner nodes of the element along with displacements as primary unknowns. The appropriate
selection of characteristic length lc greater than the distance of two Gauss points leads to
simulate the tension-compression behavior of concrete completely. As seen in Figure 2b κt or κc
is monotonically increasing during tension-compression loading/unloading processes respectively.
Figure 2c depicts a monotonic increase of the effective damage D. It is also observed that D



becomes zero after the initial tensile loading (cycle 1) and then entering into the first phase of
compression (cycle 2) with initial stiffness. But D is recovered once the material experiences
tension in reloading (cycle 3). Thus, the model describes the unilateral behavior quite well as
shown in Figure 3. Furthermore, the normalized unilateral responses of numerical model as
well as the experiments [5] are illustrated in Figure 4. Numerical response agrees well with the
experimental one showing a full recovery of initial stiffness. But there are certain discrepancies
due to the fact that the permanent inelastic strains are not taken into account in the model.

Conclusions

The proposed 3D model is simplified using a unified equivalent strain as a driving force to the
evolution of effective damage variable to describe the crack-opening/closure effects on microcracks
under cyclic loadings. The implicit gradient method for nonlocal enrichment is incorporated.
The model captures the unilateral behavior of concrete and also recovers a full initial stiffness
for compression region under the absence of inelastic strains. Thus, the numerical predictions of
the model exhibit good agreement with the experimental results. Nevertheless, further work
includes the inelastic evolution and damage induced anisotropy.
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